Introduction
B-physics is entering a golden epoch due to the huge amount of available data on B d decays coming from the B-factories [1, 2] , the interesting B s decay channels measured at Tevatron [3] and, in the near future, the plethora of decays that will be observed at LHC [4] . They provide many different strategies of testing the Standard Model (SM) and looking for possible "smoking gun" signals coming from New Physics (NP). One of such strategies consists in constructing observables, based on certain B decay channels (B → K * l + l − , B → πK, B → ππ, B → KK, ...), that can test the presence of specific types of NP, for instance, observables sensitive to the presence of right-handed currents [5] , isospin breaking induced by NP (see for example Ref. [6] ), etc.
Sum rules have been used as a way of constructing observables sensitive to isospin or SU(3) breaking. In order to extract useful information from this type of sum rules it is necessary to be able to estimate the expected size of the isospin or SU(3) breaking. Different approaches exist in the literature that may help in principle to estimate the size of this type of breaking: flavor symmetries [7, 8, 9] , QCD factorization techniques [10, 11] , SCET [12] , or a combination of flavor symmetries with QCD factorization [13] .
However, these type of sum rules admit a twofold reading depending on the availability of data. On the one side, if all observables entering the sum rule are known, then the sum rule can serve as a test of the size of the SU(3) breaking. If the same parameter enters another sum rule, we automatically gain control on the size of the SU(3) breaking in the later sum rule. Moreover, if the obtained SU(3)-breaking parameter points towards a too large breaking it could be a signal of the presence of isospin or SU(3)-breaking NP contributions. An example of this type of analysis is the Lipkin sum rule [11, 14, 15] of the recent B → πK puzzle [16] . On the other side, given that the sum rule is a combination of observables (usually branching ratios and CP asymmetries) that should sum up to zero up to the estimated isospin or SU(3)-breaking contributions, they allow to extract information on the not yet measured observables entering the sum rule.
In this Letter we present new sum rules involving B → πη (′) , Kη (′) and η (′) η (′) decays. One of them will be a function of measured observables and will serve us as a test of the size of the SU(3) breaking. The rest of sum rules will provide relations between observables including not yet measured branching ratios and CP asymmetries and they will allow us to obtain some predictions. The present work is an extension of a previous paper [11] , where one of us (JM) studied a series of sum rules for B → πK decays in the framework of QCD factorization. Here we extend those ideas to include B → πη (′) , Kη (′) and η (′) η (′) decays with two important differences. First, in Ref. [11] isospin breaking referred to the contributions of all weak operators with ∆I = 0. Their contributions were written in terms of suppressed ratios of the type 'T /P ' (tree versus penguin amplitudes). In this Letter, we will have isospin and also SU(3)-breaking contributions that will include any contribution sensitive to mass differences between up, down and strange quarks (η-η ′ mixing, etc.) [7] . Second, the way to deal with the subleading contributions of the type 'T /P ' is different. One approach is to evaluate them explicitly using QCD factorization, as it was done in Ref. [11] for B → πK sum rules. A different strategy may be to try to find a hierarchy between the different subleading terms [7] . Finally, a third possibility is to relate those subleading terms to ∆S = 0 processes using flavor symmetries (similar to what was done in Ref. [17] when relating the B s → K + K − decay with B → ππ using U-spin [18] ). In this Letter we will follow this last approach. This means in practice that those subleading terms are moved from the r.h.s of the sum rule to the l.h.s and they are expressed in terms of observables.
The outline of this paper is the following. In Section 2, we discuss the SU(3) decomposition of amplitudes and define the observables that will enter the sum rules. In Section 3, we present a set of six new sum rules and discuss them in turn. We focus on the information that can be extracted for the branching ratio of B → K 0 η, the CP asymmetries of B 0 → π 0 η and B 0 → π 0 η ′ , and the three neutral decays B 0 → ηη, ηη ′ and η ′ η ′ . We also pin down the main source of error affecting the different sum rules and study the impact that reducing those errors would have on our observables. We conclude in Section 4.
SU (3) decomposition of amplitudes
The decay amplitudes of the modes under consideration can be written in terms of the basis of T (tree), P (penguin), C (color-suppressed tree), E (exchange), A (annihilation), and P A (penguin annihilation) diagram contributions [19, 20] . The contributions E, A, and P A are usually neglected since they are formally suppressed by a factor of f B /m B = 5% [21] . E and A are also helicity suppressed by a factor m q /m b where q = u, d, s. Another equivalent approach is to represent the amplitudes in the basis of six SU(3)-invariant quantities involving two members of the light pseudoscalar octet [22] . Once the set of required amplitudes are written in this way one immediately realizes that there are only three independent combinations of the six SU(3)-invariant quantities, that we call t, p, and c for ∆S = 0 transitions and t ′ , p ′ , and c ′ for |∆S| = 1. In the approximation of neglecting the E, A, and P A contributions, the former combinations are identified as [9] 
for the tree amplitudes, where P EW and P C EW are color-favored and colorsuppressed electroweak penguin amplitudes, respectively, and
for the corresponding penguin amplitudes. In these expressions, Y
′ can be either u or c) and ξ T , ξ C and ξ P are SU(3)-breaking factors for the T , C and P amplitudes, respectively, when going from ∆S = 0 to |∆S| = 1 transitions. In addition to the former octet-type contributions, there are also singlet-type contributions that must be incorporated when the pseudoscalar final state contains η and/or η ′ mesons. In the diagrammatic approach these singlet contributions are expressed in terms of t s , p s (usually s = p s /3 is introduced instead of p s ), c s , and s 0 (s 0 contributes only to η 0 η 0 decays), where
with S the singlet penguin contribution and ξ S the corresponding SU(3)-breaking factor. The t s , c s , and s 0 are suppressed by f B /m B and will be neglected when obtaining the sum rules. So the only significant additional contributions one has to include are the s-type contributions. The SU(3) decomposition of |∆S| = 1 transitions of B decays is shown in Table 1 . Each amplitude should be divided by the common denominator in the "Factor" column. The "diagrammatic" column shows the decomposition in the diagrammatic approach notation, with A 3,6,15 and D 3,6,15 neglected. From Table 1 , the following amplitude relations involving members of the pseudoscalar octet can be written 1 :
Notice that these relations are deduced without any dynamical assumption; hence they hold even in the case of considering the exchange, annihilation, and penguin annihilation contributions which are usually neglected. From Eqs. (4) one gets the well-known Kπ amplitude relation [14] A(
1 The convention used is
for the members of the pseudoscalar meson nonet and
for the triplet B's [23] . In this convention, the physical mesons η and η ′ are defined through the rotation
where the sign convention is such that the angle θ agrees with the PDG [24] . The current experimental value for the mixing angle is θ = (−13.3 ± 1.0) Table 1 : Amplitudes for |∆S| = 1 transitions of B decays: SU(3) decomposition -second column-and diagrammatic decomposition -fourth column. The corresponding normalizing factors appear in the "Factor" column.
It is not possible to establish any amplitude relation involving the pseudoscalar singlet without invoking any dynamical assumption. However, neglecting the t s contribution, which only affects the B + → K + η 0 transition, a new amplitude relation appears,
which combined with Eqs. (4) implies
Admitting η-η ′ mixing as the only source of SU(3) breaking one gets for Eq. (6) (
Other interesting relations are
All these relations can be found already in the literature [7] . The diagrammatic decomposition of the relevant |∆S| = 1 and ∆S = 0 transitions involving η and η ′ mesons is shown respectively in Tables 2 and 3 . Table 2 : Diagrammatic decomposition of the |∆S| = 1 transitions of B decays involving η and η ′ mesons.
Mode Amplitude Table 3 : Diagrammatic decomposition of the ∆S = 0 transitions of B decays involving η and η ′ mesons.
Observables
Following the PDG notation [24] , which agrees with that of the HFAG [26] , the CP-averaged decay widths and the direct CP asymmetries are defined as
and
respectively, with
) the three-momentum of light mesons in the B rest frame, A f ≡ A B→f ,Āf ≡ AB →f , and σ s = 2 for two identical mesons in the final state and σ s = 1 otherwise.
The collected experimental data on the branching ratios of the studied decay modes are organized in two types of observables. A first type of ob-servables are the ratios of CP-averaged branching ratios [27, 28] :
with BR(B → f ) ≡Γ · τ B the CP-averaged branching ratio. We neglect small lifetime and phase space differences between a B + and a B 0 . We also define
where we use B + → K 0 π + , governed by the penguin amplitude p ′ , as the normalization process for all ratios. CP asymmetries are the second type of observables 2 :
2 Notice the different sign notation with respect to Ref. [11] , in order to agree with the HFAG notation.
together with the new definitions
The main purpose of this work is to provide a set of model independent sum rules relating CP-averaged branching ratios and CP asymmetries of different non-leptonic B → hh ′ decays with h, h ′ = π, K, η, η ′ . The list of measured observables to be used in our analysis is shown in Table 4 . In order to be able to write exact sum rules for |∆S| = 1 processes including η and η ′ , information coming from ∆S = 0 decay modes is required.
Sum rules
In this section we present six new sum rules relating B → Kη (′) , B → πη
and B 0 → η (′) η (′) branching ratios and CP asymmetries. The first sum rule (I) serves as a test of the control we have on the size of the SU(3)-breaking effects. In the second sum rule (II) we obtain a correlation between the CP asymmetries A Table 4 : Experimental values [26] of the observables that enter the sum rules.
The structure of the amplitudes of the two measured charged decays B + → K + η and B + → K + η ′ shows that a full cancellation of the dependence on the singlet penguin contribution (s ′ ) is not possible if only those channels are combined. In order to cancel completely the residual dependence on those penguins, information from the corresponding ∆S = 0 channels (B + → π + η and B + → π + η ′ ) is required. Since both |∆S| = 1 and ∆S = 0 transition amplitudes will be used, it is convenient to make explicit the different CKM dependence of these amplitudes, as in Eqs. (1)- (3) . Notice that at this point we are restricting the validity of the sum rules to the SM (or to extensions of the SM with the same CKM structure).
In deriving those sum rules that mix |∆S| = 1 and ∆S = 0 amplitudes, we are forced to neglect the contribution from both color allowed (P EW ) and color suppressed (P
, and s (′) as compared to the tree (T , C) and penguin (P , S) contributions.
The key observation here is that the contact between the corresponding unprimed t, c, p, and s amplitudes and the primed ones is made taking into account that (once electroweak penguins are neglected) t and c, and p and s share, respectively, the same CKM structure. Therefore, we can write
where r 1 and r 2 are defined as
The numerical values for the CKM elements are taken from Ref. [24] , and for the angle γ we choose to take the CKMfitter determination γ = 59.0
[42], since it, basically, contains the UTfit determination γ = (64.6 ± 4.2)
• [43] inside. Eq. (16) is the link connecting |∆S| = 1 with ∆S = 0 transition amplitudes up to U-spin breaking contributions that will also be estimated.
Finally, notice that all the dependence on γ in the following sum rules comes from |r 2 |.
The combination of |∆S| = 1 and ∆S = 0 transitions leads to the following set of four sum rules 3 that we discuss in turn:
This first sum rule is the only one in this Letter that can be fully evaluated at present, since all data is available. In the limit of exact flavor SU (3) symmetry (ξ T = ξ C = ξ P = ξ S = 1) q 1 is exactly zero, i.e. the experimental value q exp 1 must be compared with zero in this limit. From Table 4 , one obtains q exp 1 = 0.11 ± 0.65
where the first error is associated to the branching ratios in Table 4 and the asymmetric second error comes from the error in γ. Interestingly, this sum rule is compatible with zero at the 1σ level already in the SU(3) limit. The inclusion of SU(3) breaking requires taking ξ T,C,P,S in eqs. (1), (2) and (3) different from one. Here we choose a scenario such that ξ T = ξ C ≡ ξ T C and ξ P = ξ S ≡ ξ P S . This scenario arises in naive factorization, where ξ T C = ξ P S = f K /f π , as well as in phenomenological analyses, where ξ T C = f K /f π [19] and ξ P S = 1 or ξ T C = ξf K /f π and ξ P S = ξ, with ξ an universal SU(3)-breaking factor, are shown to give the best fits to experimental data [9] . In our analysis we choose ξ T C = f K /f π and ξ P S = ξ, so that ξ is a SU(3)-breaking factor affecting only the penguin amplitudes. In this case, the SU (3) breaking correction to sum rule I is
A value for ξ can be extracted from the ratio of |∆S| = 1 to ∆S = 0 penguin amplitudes
Using the value of |r 2 | from Eq. (18), the experimental result R exp 1/0 = 24.1±5.1 and γ = (59.0
• , one gets ξ = 1.00 ± 0.15
in agreement with recent phenomenological estimates [9] . The dependence of the parameter ξ on the angle γ is shown in Fig. 1 . Now we can use this value of ξ in Eq. (21) to estimate the size of the SU(3)-breaking correction to sum rule I, which gives
and whose error is completely dominated by the error in ξ. Notice that if ξ were computed using QCD factorization or any other method, this first sum rule (and also Eq. (22)) would provide a new way to determine the angle γ.
II) R
This second sum rule is the CP asymmetry partner of the previous one. In this case we have two unknowns: the two neutral CP asymmetries A π 0 η CP and A π 0 η ′ CP . The SU(3)-breaking contribution to the sum rule is • [43] . The horizontal strip (blue) shows the values of ξ consistent at 1σ with the experimental inputs and γ.
If we now use the full sum rule II -including the SU(3)-breaking termstaking for ξ the range obtained in Eq. (23), we obtain a correlation between the two not yet measured CP asymmetries A π 0 η CP and A π 0 η ′ CP (see Fig. 2 ). We observe that for small values of the asymmetries the constrain becomes tight. Moreover, it predicts a perfect anticorrelation between both asymmetries for negative values of A π 0 η ′ CP . It is interesting also to notice that this result is quite robust and very insensitive to ξ.
The next two sum rules to be discussed involve the branching ratio and the CP asymmetry of the B 0 → K 0 η decay mode. The first one contains only the branching ratio:
This sum rule allows to extract the value of the B 0 → K 0 η branching ratio. If we now include the SU(3) breaking in the same way as it was done for Table 4 and the dark gray band takes into account the experimental errors. sum rule I, one finds
Numerically, the size of the SU(3) breaking in this relation is very small,
due to the strong suppression factor r 2 1 . Then, the predicted value for the CPaveraged branching ratio of B 0 → K 0 η from the full sum rule III -including SU(3) breaking-is
The current experimental bounds on this branching ratio are BR(B 0 → K 0 η) < 2.9 · 10 −6 (Babar [41] ) and BR(B 0 → K 0 η) < 1.9 · 10 −6 (HFAG [26] ) at 90% CL.
The last sum rule closing the set of four sum rules that combine ∆S = 1 and ∆S = 0 transitions is the CP asymmetry partner of sum rule III:
Again one can obtain the corresponding SU(3)-breaking factor:
which is found to be q SU (3) breaking 4
= 0.00017±0.00022. Combining the branching ratio obtained from sum rule III with sum rule IV one can obtain a prediction for A K 0 η CP . However, with the present data the error associated is too large to extract any definite number.
Finally, it might be interesting to note that once a measurement for the BR(B 0 → K 0 η) is available it is possible to combine sum rule III and IV to produce a sum rule for the A K 0 η CP which is completely independent on the assumed form of the SU(3) breaking,
The next couple of sum rules are closed in the sense that they only involve ∆S = 0 processes. This means, in particular, that no information on the type of SU(3)-breaking corrections is needed and that all electroweak penguin contributions are included.
where
Using the experimental measurements quoted in Table 4 , one obtains for the sum rule the value 0.73 +0.80 −0.63 , a result compatible with zero at the 2σ level. The corresponding sum rule for the CP asymmetries VI) The same as Fig. 1 but with the uncertainties of BR(B → K 0K 0 ) and V cs reduced by 50%. The outcome is a 30% reduction in the error of ξ.
provides a constraint for the specific combination of
entering the sum rule.
Future Prospects
We want to close this section trying to identify which observables have the largest impact on the error size affecting some of the sum rules. This can be useful as a guide for experimentalists to see which processes could be more interesting to focus on. The extraction of ξ from R 1/0 in Eq. (23) is affected mainly by the uncertainties in the branching ratio BR(B → K 0K 0 ) and in V cs . Fig. 3 shows the impact of decreasing these error bars by a 50% in the determination of ξ. The result is a 30% reduction of the error. The error in BR(B → K 0K 0 ) will be reduced with more statistics, and the uncertainty in V cs , which comes mainly from the error in the lattice determination of the D → K form factor [44] , is likely to be reduced considerably in future simulations. The situation concerning the CP asymmetries of the two B → πη (′) decays is depicted in Fig. 4 . The most important source of uncertainty is due to the branching ratios BR(B 0 → π 0 η) and BR(B 0 → π 0 η ′ ). Fig. 4 shows the situation in which the uncertainties in these branching ratios are reduced by a 50%. The conclusion is that the predictions for the B 0 → π 0 η CP-asymmetry would be up to 50% more precise for large values of A π 0 η ′ CP . Concerning the prediction for the branching ratio BR(B → K 0 η), the observables that introduce the dominant uncertainty are B + → K + η ′ and B 0 → K 0 η ′ . A 50% reduction of their error would imply a 35% reduction on the uncertainty in the determination of BR(B → K 0 η). Of course, these branching ratios are already well measured, and whether the uncertainties can be reduced by a 50% is difficult to say.
Therefore, we point out that it would be of utmost importance to focus experimentally on the B 0 → π 0 η (′) modes, specially on the branching ratios, where a considerable reduction of the uncertainties is experimentally feasible.
Conclusions
We conclude with a summary of the main points of this Letter. We have proposed a series of sum rules based on B decays with η and η ′ mesons in the final state. These sum rules are valid within SM, and include a generic SU(3) breaking scenario. These SU(3)-breaking terms estimate the expected deviation of the sum rules from zero that could be accounted by the SM. A clear deviation from the numbers given above would be an interesting indication of possible New Physics contributions, and would require the revision of the approximations made in deriving the sum rules, mainly the omission of electroweak penguin amplitudes and the specific SU(3)-breaking scenario.
The first sum rule (Eq. (19)) can be already used as a test of the SM, with the SU(3)-breaking parameter ξ extracted from B → K 0K 0 (Eq. (23)). If the errors get notably reduced and ξ is obtained from theory, this sum rule could eventually lead to a determination of the CKM angle γ.
The second sum rule (Eq. (25)) allows to establish correlations between the CP asymmetries of B 0 → π 0 η and B 0 → π 0 η ′ (Fig. 2) . The third sum rule (Eq. (27) ) is used to predict the branching ratio BR(B 0 → π 0 η), see Eq. (30) . This prediction can be used in the fourth sum rule to predict the CP asymmetry A CP (B 0 → K 0 η), but with present data the errors are too big and the result is inconclusive. We have also provided two sum rules (Eqs. (34) and (35) ) that involve only ∆S = 0 decays and are unaffected by the size of the considered SU(3) breaking, and can include all the electroweak penguin contributions.
We have pointed out that a reduction in the experimental uncertainties in the branching ratios BR(B 0 → π 0 η (′) ) and BR(B → Kη ′ ) would suffice to reduce considerably the uncertainties of the predictions for the CP-averaged branching ratio of B 0 → K 0 η, the corresponding CP asymmetry and the error of the combined correlation A 
